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We are interested in the interplay between intrinsic and projective properties 
of curves. In particular we are interested in the postulation of general k-gonal 
curves. Here we will consider the case of general embeddings into P, s= 3 or 
4, of general tetragonal and general hyperelliptic curves. A curve 2 in p is 
said to have maximal rank if the restriction maps ~z,~(k): H”(Pv,@.,(k))+ 
+ Ho@, @z(k)) have maximal rank for all k> 0. Here we prove the following 
results (over an algebraically closed field with zero characteristic). 
THEOREM 1. For all integers d, g with d 1 g -I- 3, g L 0, a general embedding of 
degree d into P3 of a general tetragonal curve of genus g has maximal rank. 
PROPOSITION 2. There is a function o(g) with lim o(g)/6g)“2 = 1 such that for 
all integers d, g with drg+ v(g), gr0, a general embedding of degree d into 
P3 of a general hyperelliptic curve of genus g has maximal rank. 
THEOREM 3. For all integers d, g with d kg + 4, g L 0, a general embedding 
of degree d into P4 of a general tetragonal curve of genus g has maximal rank. 
In [2] we proved related results for canonical embeddings of general trigonal 
or bielliptic curves, and general embeddings of degree d > 2g into lPN, g > N> 
>3, of general hyperelliptic curves. 
The proof of all these results uses degeneration to reducible curves and an 
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inductive method (the Horace’s method) introduced in [9]. To smooth a curve 
by a family of k-gonal curves, we use the theory of admissible coverings (see 
[7]). At the end of 0 1 we discuss in what sense the results proven in this paper 
are sharp. In $2, 3 and 4 we prove theorem 1. In $5 and $6 we prove 
respectively proposition 2 and theorem 3, using the proof of theorem 1 given 
in the previous sections. 
I want to thank the referee for his/her extremely useful, accurate and very 
time comsuming job. 
This paper is dedicated to Alessandra for her birthday. 
NOTATIONS 
Let V be a variety and S a closed subscheme of V; #s, ,, is the ideal sheaf of 
S in V. Assume that we have fixed an embedding of V into lPk, so that &(t) 
and #s(t) are defined. Then rs, &): H”( V, Q(t)) + Ho@, @s(t)) is the restriction 
map. If V= lPk, we write often $s,k, T.&), instead of $s, V, rs, &. 
We will write ((a; b)) for the binomial coefficient; thus ((a; b)):=(a)!/ 
/((a-b)!b!). A triple of integers @,g;N) with dlg+N, N>2, gz0, has 
critical value k if k is the first integer t> 0 such that td + 1 - gs ((N+ t; N)). We 
define integers r(k,g, N), q(k,g, N), d(k, N), b(k, N) by the following relations: 
(1) 
(2) 
kr(k,g,N)+l-g+q(k,g,N)=((N+k;N)), Osq(k,g,N))<k 
kd(k, N) + 1 - (d(k, N) -N) + b(k, N) = ((N+ k; N)), 
O~b(k,N))sk-2. 
Fix a point P in a 3-dimensional projective space H. The first infinitesimal 
neighborhood x(P) of P in H is the closed subscheme of H with (SP,H)2 as 
ideal sheaf. 
0 1. We work over an algebraically closed field of zero characteristic. A 
smooth, complete curve is called k-gonal if it has a g:. Fix integers d, g, n, k, 
with n>2, g20, drg+n, k> 1. Let Z(d,g; n; k) be the closure in Hilb(lP”) of 
the set of smooth, connected, k-gonal curves C in IP” with deg(C) = d,p,(C) = 
= g, and non special hyperplane section. The theory of admissible k-coverings 
([7]) allows one to find many reducible elements in Z(d,g; n; k). In this paper 
we will need only the most simple ones. 
LEMMA 1.1. Let (p:E+T,q:F+T,f:E-rT) be a family of genus g 
admissible k-coverings parametrized by a smooth, connected, affine curve T. 
Fix 0 E T. Assume that p-‘(t) is smooth for t E T, t # 0. Fix a non-degenerate 
embedding j of degree d of A:=p-‘(0) into IP” with non special hyperplane 
section. Then j(A) E Z(d, g; n; k). 
PROOF. Let {Pi}, i=l , . . . , d, be a general hyperplane section of j(A). Up to 
an etale covering of (T,O), we may assume that p has d sections Si with 
~~(0) = Pi. Since j(A) has non special hyperplane section, restricting if 
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necessary T we obtain that the line bundle on E determined by the union of the 
sections si gives an embedding over T of E into iPm x T, m 1 n. The lemma 
follows taking a suitable projection of iPm into [P”. 
We may apply 1.1 for several reducible curves A as in 1.1. Here we consider 
the following elementary cases. In all these cases the non speciality of the 
hyperplane section of j(A) follows from a Mayer-Vietoris exact sequence, while 
the existence of a smoothing family of admissible k-coverings for A follows 
from [7], th. 5 and its proof. It is very well-known ([8], [12]) that the curves 
obtained in (a), (b), (c) below can be smoothed inside the projective space they 
live. 
(a) Fix XE Z(d, g; n; k). For every smooth rational curve YC IF’“, deg( Y) = 
a, Y intersecting X quasi-transversally and exactly at one point, X U YE Z(d+ 
+ a,g; n; k). (This follows also easily from [13]). 
(b) Fix XE Z(d, g; n; k), X with an admissible ramified k-coveringf: X-+ F, 
p,(F) =O. Fix 2 smooth points a, b, of X with f(a) =f(b). Let R be the line 
spanned by a and b. Usually we will assume that R is not trisecant to X and 
that it intersects quasi-transversally X; if this occur, then X U R E Z(d+ 1, 
g+ 1; n; k). If however R is trisecant or R is tangent to X at a or b, the union 
of X, R and suitable embedded components is again in Z(d+ l,g+ 1; n; k). In 
both cases the line R is called a good secant to X. 
(c) Fix a curve XE Z(d, g; 3,4). A good cross A for X is the union A of 4 lines 
Li, i = 1,2,3,4, with card(A fl X) = 4, A fl X a fibre of a generalized 4-covering 
of X, each Lj good secant of X, p(A) = 1, A with only nodes, L, n L2 =0, 
L3flL,=0, while L,flL3, L3nL2, L4r)L1, and LqflL, are not empty; we 
assume that for all i, j with i#j and Lin Lj#O, the plane spanned by Li U Lj 
is not tangent to X at Li tl Lj . The union of the lines L, and L2 is called a good 
pair of secant lines to X. Fix a smooth quadric Q containing A and intersecting 
transversally X along X n A. Let Y be a curve of type (2,x) with Y flX= 
A nX, Y with at most nodes. We will consider only a special case of this 
construction: when Y = Z U B, with Z smooth and B union of y lines of type 
(0, l), Olylx. Then XUZEZ(d+2+x-y, g+x-y+2; 3;4) ([7], proof of 
th. 5: use as 4-covering for Z the composition of the projections of Q on one 
of its factors with a suitable double covering of the projective line. Since the 
lines in B are good secants to (XUZ), XU YEZ(d+2+x,g+2+x; 3; 4). 
In $6, proof of 6.1, we will define and use another construction which is 
related to (c). For that construction and for the proof of 3.2 we will need the 
following remark. 
REMARK 1.2. Fix 4 distinct points A, B, C, D on IP’. There is a 2-to-1 
morphism f: iP’ + IP’ with f(A) =f(B), f(C) =f(D). Proof: Consider Ip’ as a 
smooth conic R in Ip’; project R onto a line from the point of intersection of 
the line spanned by A, B, and the line spanned by C, D. 
Now we discuss in what sense theorem 1, 3 and proposition 2 are “sharp”, 
and pose a few problems. Take a curve CC IP”, deg(C) = d,p,(C) =g; for 
simplicity we assume that t??“,(2) is not special. Assume that C is contained in 
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a hypersurface of degree k> 1. If C has maximal rank, we must have kd+ l- 
g< ((n + k; n)), where ((a; b)) denotes the binomial coefficient. Now assume 
that C is smooth, non degenerate, linearly normal, and that it has a g:. Since 
C is linearly normal, all groups of points of the g: span a linear space of the 
same dimension, say s, with s< t. The union of these linear spaces is a minimal 
degree (s + 1)-dimensional variety M, deg(M) = n -s (see Ill]). Thus any pro- 
jection of C into iPm, m >s+ 1, is contained in a hypersurface of degree at 
most n -s. This implies that proposition 2 is asymptotically sharp. However we 
do not know if the statement of proposition 2 is true for general embeddings 
of all hyperelliptic curves of genus g (guess: YES). For the same reason theorem 
3 cannot hold for all dr g + 4 for a general trigonal curve. We do not know if 
theorem 1 holds for a general trigonal curve (guess: YES). By [lo], lemma 3.1, 
theorems 1, 3 are not true for every dzg+ 3 (resp. drg + 4) and general 
embeddings of degree d of any genus g elliptic-hyperelliptic curve ([lo] is 
concerned only with complete linear systems; if d >g+ 3 (resp. d >g+ 4) the 
restriction comes projecting into lP3 (resp. rP4) the ruled elliptic surface 
associated to the complete embedding of the curve ([lo, lemma 3.1)). Another 
(related) obstruction to the maximal rank of a curve is given by the existence 
of high order multisecants lines (or multisecant curves) to the curve. Problem: 
find other obstructions. 
5 2. In this section we will handle the postulation of Y fl Q for a smooth 
quadric Q and a general YE Z(d,g; 3; 4) for every d,g with d ?g+ 3, or a 
general YE Z(d,g; 3; 2) (under mild restrictions on d, g). We will use the 
method of [5]. In this section we fix a smooth quadric Q. 
LEMMA 2.1. Fix integers a, 6, d, g, with d L g + 3 L 3, a > b + 1 > 0. Then there 
exists YE Z(d, g; 3; 4) with dim( Y n Q) = 0 and h’(Q, gyn Q, e (a, 6)) = max(0, 
(a+l)(b+l)-2d). 
PROOF. The result is trivial if b = 0. Assume b>O. 
First we assume d = g + 3. Set t := [(b - 1)/2]. Set Qo:= Q. We fix t smooth 
quadrics Qi, 1 I is t, such that Qj fl Qj+, is the union of 4 lines for all j with 
01j< t and general with this property. Set A(i) := Q n Qi. We fix t smooth 
curves Ei, 1 I is t, with Ei of type (2, a + b - 2 - 4(t - i)) on Qi, Ei containing 
the singular points of Qi-1 tl Qi and, if i< t, of Qi n Qi+r , Ei general with this 
property. Let E, be a general elliptic curve of degree 4 having Q fl Q, as a 
good cross for a choice of g: on Eo. Let T(i) be the union of the curves Ej with 
0 sjc i. Set S(i) : = T(i) n Q. 
CLAIM. We have ho(Q,~~,i,,(a-2(t-i),b-2(t-i)))=ho(Q,~~(i-I),e(a-2(t- 
-i)-2,b-2(t-i)-2)). 
PROOFOFTHECLAIM. The claim is equivalent to the fact that any f~ 
~H~(Q,~~(i~Q(a--2(t-i), b-2(t-i))) vanishes on A(i). Since card(Ei nA(i)) = 
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= 2(a - 2(t - i)) + 2(b - 2(t - i)), the claim follows from [5], 11.1 and a small 
part (in the middle of page 20) of the proof of 11.2. 
After t steps we reduce to handle the postulation of the points of E,fl 
Cl (Q \ A(1)) union the intersection with Q of a few general secant lines to E0 
with respect to forms of type (a - b + e, e) with e = 1 or 2, b - e even. This can 
be done as in [4] 0 8. 
If d > g + 3, we take in some step instead of a smooth curve of type (2, x), the 
union F of a smooth curve of type (2,x-t) and t lines of type (0, l), and add 
the first infinitesimal neighborhood of t of the singular points of K (one 
singular point for each line of K) to lower the arithmetic genus. 
LEMMA 2.2. Fix integers a, b, d, g, with d L g + 3 + (b/2), a > b + 1 > 0. Then 
there exists YE Z(d, g; 3; 2) with dim( Y fl Q) = 0 and h”(Q, Sy,-, Q,Q(a, b)) = 
= max(0, (a + l)(b + 1) - 2d). 
PROOF. The reduction from the case (a, b) to the case (a- 2, b - 2) and the 
proof when d>g+ 3 + (b/2), are made exactly as in the proof of 2.1 (whose 
notations we will use here). For the second step we take as quadric K a general 
quadric containing a good secant B to E,, say a line of type (0, I), and as D a 
general curve of type (2, a + b - 6) passing through B n Eo. 
REMARK 2.3. Now assume that (as in 0 3, $4, 0 5) we have to find YE 
~Z(d,g; 3; 4) (or Z(d,g; 3; 2)) such that dim(Y fl Q)=O, Y rl Q has good 
postulation, but with Q containing a few double points of Y. Again we may 
apply the proof of 2.1 (in particular the last part, but without the nilpotents) 
taking the singular points of E,, the general secant line to Eo, E,, . . . , Et on Q. 
This is possible in the concrete cases needed in the next sections because the 
number of singular points of Y is small. 
REMARK 2.4. In 0 4 and 0 5 (as in [I]) we have to control the postulation of 
the union Z of Y fl Q and x(P(j)), j= 1, . . . , s, where P(l), . . . , P(s), are the 
singular points of Y contained in Q. Note that x(P(j)) tl Q is the first 
infinitesimal neighborhood of P(j) in Q, i.e. a triple point with embedding 
dimension 2. Suppose for instance that with the notations of the proof of 2.1 
we want to take P(l), . . . , P(k), kls, on E. The residual scheme of Z with 
respect to E. is the union of P(l), . . . , P(k), and Y n (Q \ E,). After reducing to 
a case with (a’, b’), b’c 3, a’- b’= a - b, one sees that these points P(l), . . . , P(k) 
(as well there union with P(k+ l), . . . , P(s)) give independent conditions for 
forms of type (a, 6) (here we use that in the applications in Q 4 and 5 5 s is small 
with respect to b-a). 
REMARK 2.5. To prove R(m, g) in $4 and Q 5 we need, as in [4], [5], to control 
the postulation of the union of Y fl Q, Y as in 2.1 or 2.2, and several points 
on two suitable lines on Q. This is left to the reader (hint: [4], $8). 
Remark 2.5 will be used in the proof of lemma 3.3. 
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$3. In this section we will state and prove the following assertion N(n). As 
usual in this type of problems, the assertion H(n) would be sufficient to prove 
theorem 1 if d =g + 3 (the linearly normal case). The proof of theorem 1 will 
be completed in the next section. See [4] or [5], 3.2, for a table with the values 
of d(n, 3) and b(n, 3) (there called d(n) and b(n)). 
H(n), n>O; There exists Y~Z(d(n,3), d(n, 3)-3; 3; 4) with ry,s(n) surjective. 
Note that if n f 1,4 mod(6) and Y satisfies H(n), then ry,s(n) is bijective. To 
prove H(n) we will need also the following assertions H’(n), n = 5 or 2 mad(6), 
and M’(n), n = 1,4 mod(6). 
H’(n), n = 5,2 mod(6): There exists (Y, Q,A,D) such that: 
(i) YE Z(d(n, 3), d(n, 3) - 3; 3; 4) and rK3(n) is bijective; 
(ii) Q is a smooth quadric, dim( Y n Q) = 0, Q containing a good cross A to Y 
and a good secant D to Y, DcA, D of type (l,O). 
H”(n), n = 1,4 mod(6): There exists (Y, Q, A, R, D, S, S’) such that: 
(i) YE Z(d(n, 3) - 1, d(n, 3) - 4; 3; 4); 
(ii) Q is a smooth quadric, dim(Q fl Y) = 0; Q contains a good cross A to Y and 
a good secant D to Y, D not in A, D of type (1,O); R is one of the lines 
of A of type (l,O); 
(iii) S c R, S’C D, card(S) = b(n, 3) + n - 3)/2, card@‘) = card(S) + 2, ryu So s,, s(n) 
is bijective. 
LEMMA 3.1. H(n - 2) implies H(n) if n = 1,2,4,5 mod(6). 
PROOF. (The Horace’s method [9]) Assume Il(n -2). By semicontinuity a 
general curve YE Z(d(n - 2), d(n - 2) - 3; 3; 4) has ry,s(n - 2) surjective. Hence 
we may find a curve Y satisfying H(n - 2) and a group of points D of a g: on 
Y such that D spans P3. Hence Y has a good cross A. Take a smooth quadric 
J containing A and intersecting transversally Y. In J consider the union T of 
the two lines of type (1,O) of the good cross A and d(n, 3) - d(n - 2,3) - 2 
general lines of type (0,l). Note that Y U TE Z(d(n, 3), d(n, 3) - 3; 3; 4) by Q 1, 
(ch 
Take a general subset S in J, card(S) = b(n, 3). It is sufficient to check that 
ryu TUs,3(n) is injective (hence bijective). Take f E H”(lP3,$YU TUs,3(n)), and 
let h be the restriction off to J. By (the proof of) 2.1 for general Y we have 
h =O. Indeed now the situation is almost the same as in the statement of 2.1, 
and the same proof works; but now for low n we have the advantage that the 
number d, g, a, b, are very particular; if b 17, by the last few lines of the proof 
of 2.1 there is no difference at all. Hence f is divided by the equation z of J. 
Since f/z vanishes on Y, by H(n - 2) we have f = 0. 
LEMMA 3.2. H(6k) implies H’(6k + 2) for every k > 0. 
PROOF. Fix Y, J, T as in the proof of 3.1 with n = 6k+ 2, hence with 
ryu ,,(6k+2) bijective. Fix a general line D of type (1,0) on J. We want to 
deforme Y U T to Y U T’ such that (Y U T’, J, A, D) satisfies H’(6k + 2). Fix two 
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lines Bi, i = 1,2, of type (0,l) on T and set Pi:= Bi tl D. Move the two lines of 
type (1,O) of the good cross A outside J, but in such a way that, at each instant 
time t, the new pair R, U iV& of lines intersects Y at the 4 points of a g: on Y. 
We follow this deformation with a deformation Bit of Bi, i = 1,2, such that for 
every t PiE Bit. By 1.2 we may deform the lines Li of T \ (A U B, U B2) to lines 
Lit such that for every t the union Y U T1 of Y, R,, M,, Blr, Bzf, Li, belongs 
to Z(d(6k + 2,3), d(6k+ 2) - 3; 3; 4). By semicontinuity for general t (Y U Tt) 
satisfies H’(6k + 2). 
LEMMA 3.3. H’(6k+2) implies H”(6k+4). 
PROOF. Take (Y, Q, A,D) satisfying H’(6k+ 2). In Q consider a general curve 
Z of type (4k+3,2) with YflZ= YnA. Note that YUZ~Z(d(6k+4,3)-1, 
d(6k + 4,3) - 4; 3; 4) by 0 1, (c). Let R be one of the lines of type (1,O) of A. 
Fix general subsets UC R, VC 0, card(U) = 4k + 1, card(V) = 4k + 3. By 2.1, 
2.5, and Horace’s method, for general Y, ryUZUsUs,,s(6k+4) is bijective. 
Then we deform Z to Z’ with dim(Z fl Q) = 0, Z’ intersecting Y at 4 points both 
on a g: of Z’ and of Y. 
LEMMA 3.4. For every k?O H”(6k+4) implies H(6k+ 6). 
PROOF. Take (Y, Q,A, R,D, S, S’) satisfying H”(6k+ 4). In Q consider the 
union W of 0, R, and a general curve Z of type (2,4k+ 3) with Z fl Y= 
=AnY,ZnD=S’,Zn(R\(YnR))=S.LetMbetheunionof Y, Wandthe 
first infinitesimal neighborhood of S U S’. Then ME Z(d(6k + 6,3), d(6k + 6,3) - 
- 3; 3; 4) (move Z outside Q and note that the tangent lines of Y, R and Z at 
each of the point of Y fl R are not coplanar). Since the residual scheme of A4 
with respect to Q is Y U SU S’, by Horace’s method and 2.4 we find the 
bijectivity of rM,,(6k + 6). 
In the same way we prove the following lemma. 
LEMMA 3.5. For all integers kz0 H(6k+3) implies H’(6k+5), H’(6k+ 5) 
implies H”(6k + 7) and H”(6k + 7) implies H(6k + 9). 
Since every curve of genus < 6 has a g:, H(2) and H(3) are easy. Thus to 
obtain H(n) for every n> 1, it is sufficient to check H(6). We start with 
YE Z(13,lO; 3; 4) with r,,,(5) bijective (H(5)). Take a plane H containing 3 
points E, F, G, in the same group of the gi on Y. Let Z be the union of the line 
spanned by E and F, the line spanned by F and G, and the line spanned by G 
and E. By 0 I, (c) (move each line independently outside H), and Horace 
applied to the plane H, H U Z satisfies H(6) (use the proof of H(4) to handle 
the postulation of Y fl H). 
54. Here we conclude the proof of theorem 1. We fix an integer g > 7. Set 
s(g) : = max{s: d(s, 3) I g + 3). By assumption we have s(g) > 2. Set r(n, g) : = 
: = r(n, g, 3h 404 g) : = 4(n, g, 3). 
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We define the following assertion R(m,g), m>s(g), exactly as in [4], p. 545, 
with the only difference that now YeZ(r(m,g), g; 3; 4). 
Exactly as in [4], 5.2, theorem 1 follows if we prove R(m, g) for every m > s(g) 
while [4], 6.4 and 6.5, gives us that R(m-Zg) implies R(m,g) for every 
m >s(g) + 2. Thus it is sufficient to prove R(m,g) for m =s(g) + 1 and m = 
=s(g) + 2. By the definitions of s(g), d(m, 3) and r(m, g), for every m > s(g) we 
have d(m, 3) 2 r(m, g) and m(d(m, 3) - r(m, g)) = q(m,g) - b(m, 3) + d(m, 3) - 
- 3 -g); by definition we have also 01 q(m, g) < m. Thus we check easily that 
r(m, g), m =s(g) + 1 or s(g) + 2, can be calculated in the following way; if 
b(m, 3) = 0, i.e. if m = 0,2,3,5 mad(6), m =s(g) + 1 or s(g) + 2, then r(m,g) = 
=d(m,3)-l,q(m,g)=m-l+b(m,3)-(r(m,g)-g-3); if m=1,4mod(6) and 
d(m, 3) - 3 Ig + b(m, 3), then r(m, g) = d(m, 3), q(m, g) = b(m, 3) - (d(m, 3) - 3 - 
-g); if m = 1,4 mod(6) and d(m, 3) - 3 > g + b(m, 3), then r(m, g) = d(m, 3) - 1 
and q(m, g) = m - 1 + b(m, 3) - (r(m, g) -g - 3). We distinguish 3 cases. 
First case: m+O, 3 mod(6). We fix a smooth quadric Z and an integer x, 
0~2x5 q(m, g). We want to use the Horace’s method with the quadric Z to pass 
from a suitable curve Y with ry,3(m - 2) bijective to a curve satisfying R(m, g) 
(for the integer x). We assume that at each inductive step in the proof of 
H(m - 2) and after each deformation, Z contains a good cross for the curve 
involved; this is possible starting with a curve with a good cross in Z and moving 
Z along a deformation of a group of points of the gi. 
Furthermore, in the constructions used to prove H(m - 2), r(m, g) -g - 3 of 
the lines added in some quadrics #Z, say Rj, are assumed intersecting Z at a 
point singular for the curve; if for H(s- 2) we have a curve Y(s - 2) and 
Y(s - 2) U T is a curve for H(s), RjC T, Rj must intersect Z at a singular point 
of T, this is possible for a suitable choice of T (for instrance, instead of a 
smooth curve of type (2,~) as T, take as T the union of a suitable curve of type 
(2,y- t) and t suitable lines of type (41)). When we deform Y(s- 2) U T to a 
curve Y(s) satisfying H(s), we never smooth the lines Rj, but we move them, 
say to lines Rjt, such that, for each t, each line Rjf is secant to the remaining 
part of the deformed curve, and one of the points of intersection of Rjr with 
the big component is again in I. This is possible, but Y(s - 2) may not be a limit 
of tetragonal curves. Never mind. It is important only that the closure of the 
complementary of all Rj in Y:= Y(m - 2) is a limit of tetragonal curves. In the 
construction of Y(s + 2) from Y(s) we may apply 2.3 to control the postulation 
of Y(s) fl Q. Now we have Y(m - 2) and Zcontains a good cross A for Y(m - 2). 
We add to Y a curve of type (2, r(m, g) - d(m - 23) - 3) in Z and containing 
A n Y(m - 2), and the first infinitesimal neighborhood x(P) for the r(m, g) - 
g - 3 points P of Sing( Y(m - 2)) n I. Then we take 2 lines of type (1,0) in Z, and 
suitable subsets of cardinality x and q(m, g) -x on them. By 2.4,2.5, for general 
Y(m - 2) we obtain R(m, g). 
Second case: Assume m = 0,3 mad(6), m > 8. Fix the smooth quadric Z and the 
integer x. As in the proof of the first case we construct Y(m - 2) satisfying 
H”(m - 2) (except that a few of the lines of Y(m - 2) may not be good secants 
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to the remaining components), Y(m - 2) ft Z containing r(m, g) -g - 3 suitable 
singular points of Y(m - 2). Then we repeat the proof of 3.4 with the following 
difference. Since now r(m, g) = d(m, 3) - 1, we do not add in Z the lines 0, R with 
D one of the lines of type (1,O) for the good cross A of Y, A cZ, and the line 
R good secant of type (JO) to Y(m - 2), but two good secants 0, A4 of type (1,O) 
for Y(m - 2), 0, M not in A. Of course, in some previous step we have to create 
the two good secants 0, M to Y(m - 2). We claim that this is easy using one of 
the r(m, g) - g - 3 lines, say R’, of Y(m - 2) which intersect Z at a singular point 
of Y(m - 2). Indeed we do not need that, after every deformation, R’ remains 
a good secant to the rest of the curve; use that for every smooth point P of K, K 
space curve with deg(K)>p,(K)+ 3>5, and every line E, there is a line, F, 
through P which intersects E and K at another point (project from P). Of 
course, we need to use quadrics different from Z to construct Y(m - 6) and then 
Z has the role of Q. This is the reason for the restriction “m > 8”. 
Third case: Assume m = 6, hence 7 <g < 13. First assume g = 8 or 9. We start 
with Y(4) satisfying H(4) and with a smooth quadric Q containing 3 good 
secants of type (1,O) for Y, in Y we add the union T of 5 suitable lines of type 
(1,O). We will see how to obtain R(6, g) by Horace using that q(m, g) = g - 7 I 2. 
Indeed let A be a general subset of Q, card(A) = q(m, g) - 1, hence card(A) = 0 
or 1. By Horace for general Y we have h’(Q, #, u CrnCp, Tjj, e(3, 4)) = 0. Hence 
for a general point Pt$ Q, h”(.!Jyu rUA o 1Pl(6)) = 0. Since card(A U {P]) s 2, 
there is no problem to obtain the collinearity condition in the definition of 
R(6,g) given in [4], p. 545. 
Now assume g>9. We start with Y(5) satisfying H(5) and with a plane H 
spanned by 3 points in the same divisor of the g: on Y(5); in H we add 2 
suitable lines. A priori we do not obtain in this way R(6,g) for every x; we 
obtain R(6,g) for x= 0; since r(8, g) - r(6,g)> q(6,g), by the proof of [4], 
6.5, we obtain R(8,g). By the proof of [4], 5.2, this is sufficient to prove the 
theorem 1. 
Q5. Here we will show how to prove proposition 2. We will use the skeleton 
of the proof of theorem 1 and skip many trivial details. First we define 
assertions H(n, hy), n > 4, n 26, H’(n, hy), n = 5,2 mad(6), H”(n, hy), n = 
E 1,4 mad(6), with the following difference with respect to the corresponding 
assertions made in 5 3. Now for H(n, hy) and H’(n, hy) YE Z(d(n, 3) - 1, 
d(n, 3) - n - 3; 3; 2), while for H”(n, hy) Y = Y’ U T with Y ‘E Z(d(n, 3) - 2, 
d(n, 3) -n - 4; 3; 2) and T secant line to Y’, hence with YE Z(d(n, 3) - 1, 
d(n, 3) - n - 3; 3). Note that we do not assume that T is a good secant to Y’ (this 
would be possible if we could handle the case n =8); however to obtain an 
asymptotic result as proposition 2 this is not a big difference; it is sufficient, 
passing from H(m, hy) to R(m + 2, g, hy) (R(x, g, hy) is defined as R(x, g), except 
that now YE Z(r(x,g),g; 3; 2)) to take a quadric Q’ contain one of the points, 
say P, of Y’ n T, and add in this step also the first infinitesimal neighborhood 
x(P) of P; not that the part of (Y’ U T U x(P)) tl Q’ with support at P is the first 
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infinitesimal neighborhood of P in Q. Of course, for this operation we loose 
some genus; only the asymptotic nature of the statement of propositions 2 
allows us to do that. 
LEMMA 5.1. H(5,hy) is true. 
PROOF. We start with a smooth curve Y of type (2,4) on a smooth quadric J. 
Take a quadric Q# J, Q containing a good secant A to Y, say as line of type 
(0,l) on Q. Let W be the union of Y, a general curve C of type (22) on Q 
passing through A tl Y, two lines B, E of type (0,l) on Q and intersecting Y, and 
the first infinitesimal neighborhood of (B U E) fl C. Since (B U E) fl C is not 
coplanar, no cubic surface contains Y U ((B U E)n C). Hence, by Horace, 
rw,s(5) is bijective. 
LEMMA 5.2. H(8, hy) is true. 
PROOF. Take two smooth quadrics J and J’ with Jfl J’ containing a line L, 
say of type (0,l) on both quadrics. In J take a smooth curve A of type (2,2); 
in J.’ take a smooth curve B of type (2,3); we assume that A (resp. B) intersects 
transversally J’ (resp. J) and that card(A t7 B) = card(A n B n L) = 2. Applying 
Horace to J’ we check easily that h”(g A oB(4)) = 2. By semicontinuity a general 
WE 2(9,4; 3; 2) has h”(&,(4)) = 2. Since Sec( W) = iP3, we get easily that for a 
general secant line T to Wand two general points x, y of T, f~‘(.&~ (,,)(4) = 0. 
Take a smooth quadric Q containing T and a good secant D to W with 
D fl T= 0 (say T and D of type (0,l) on Q). Let E be a general curve of type 
(2,3) on Q and containing Wfl (D U T). Applying Horace to Q, we get 
h”(~wuEUTUX(x)UX(y)(6))=0; then we deform WUEU TUX(X)UX(~) to a 
curve X U T with XE Z(8,3; 3; 2) and T secant to X. We take a smooth quadric 
V containing a good secant B to X, B of type (0,l). Let M be a general curve 
of type (25) on V with M containing X n B. By Horace applied to V, we get 
that (for general X, T) X U M U T satisfies H(8, hy). 
As in 0 3 we obtain by induction H(n, hy), H’(n, hy), H”(n, hy); for instance 
if n = 1,2,4,5, in the proof of 3.1 we take as quadric J a quadric containing a 
good secant, say of type (0, l), to Y, and as Ta general curve of type (2, d(n, 3) - 
- d(n - 2,3) - 2) containing A tl Y; this construction explains the integer 
WY) --p,(Y) in W,hy), H’h hy), H”(n, hy). 
Note that by [6], th. 1 or prop. 10.1, for every fixed g there is u(g) such that 
for every d 1 u(g), for every hyperelliptic curve X and every L E Pi&(X), a 
general embedding of X in lP3 with L as hyperplane section has maximal rank. 
Hence to prove proposition 2 we may avoid any finite number of genera. We 
fix a big genus g. Set s(g) := max{ n : d(n, 3) - n - 3 I g}. As in $4 we have the 
assertions R(m,g, hy), m>s(g). These assertions can be proved exactly as the 
corresponding assertions in 0 4. Proposition 2 follows from these assertions as 
in [4], 5.2. 
0 6. In this section we prove theorem 3. We will use the statement of theorem 
1. However (see the inequalities on d(n, 4) - d(n - 1,4) in the proof of 6.1) it 
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would be suffiiient to use a much weaker statement, whose proof would be 
trivial. 
Consider the following assertion M(n), n > 0. 
M(n), n>O: For every integer a with Osalb(n, 4), there exists (Y,H,S, S’, Q, 
Q') such that: 
(1) YE Z(d(n, 4), d(n, 4) - 4; 4; 4); 
(2) N is a hyperplane containing 4 distinct points of a fiber of a 4-cover for Y; 
(3) Q and Q’ are smooth quadric surfaces contained in H; SC Q,S’c Q’, 
card(S) = @, card@‘) = b(n, 4) - a; 
(4) h”(~4,~y”s”s4m=o. 
LEMMA 6.1. h4(n - 1) implies M(n) for every n > 1. 
PROOF. Fix an integer b with 0 I b s b(n, 4). Take (Y, H, S, S’, Q, Q’) satisfying 
M(n - 1) for a suitable integer a, 0 I a I b(n - 1,4). Let A be the divisor of the 
gi on Y contained in H. First we do the construction of b(n - 1,4) = 0. We 
consider in H a 4-gonal curve Z, deg(Z) = d(n, 4) - d(n - 1,4),p,(Z) = deg(Z) - 3, 
with Zfl Y=A, A a divisor for the g: of Z, with rZJn) surjective. The 
existence of Z follows from theorem 1 and the inequality: deg(Z) I d(n, 3) ([3], 
lemma 6). Furthermore, by the proof of theorem 1 and the inequality: deg(Z) < 
<d(n, 3) - 1 for n > 2 (proof of [3], lemma 6 and the explicit values of d(k, 4) 
for low k), it is easy to find two quadrics Q,Q’ and SCQ, 
S’c Q’, card(S) = b, card@‘) = b(n, 4) - b, with rzvsus(n) surjective. 
CLAIM. For general Y, we have: h”(H, & u s u s, u crnHj,H(n)) = 0. 
PROOF OF THE CLAIM. We may degenerate Y in the following way. If d(n - 1, 
4) is even let C be a rational normal curve in lP4, deg(C) = 4, C containing A. If 
d(n - 1,4) is odd, we take as CC lP4, C>A, a linearly normal elliptic curve, 
deg(C) = 5. We fix a g: on C having A as one of its group of divisors. Fix, for 
some s, Orsln/2, s good pairs (see (c) in 0 1) of disjoint secants L(i), M(i), 
i=l , . . . ,s, to C (with respect to the g: on C we fixed). Let W be the union of 
all points L(i) n H, M(i) fl H. Taking a few of the points in Won each quadric 
used in the proofs of $3, we may obtain hl(H,s?z,,,sus~(n))=O (using 
d(n, 4) - d(n - 1,4) cd(n, 3) - 3 for n > 3: check it). For every i, lines L(i) and 
M(i) spans a 3-dimensional linear space H(i). Set J(i):= H(i) n H. For any 
point P of H(i), Pt$ (L(i) U M(i)) there is a line L(P) intersecting L(i) and M(i). 
By 1.2 and the transitivity of Aut(lF”) on the triples of distinct points of iP’, we 
may take any triple of points x,y,z, in J(i) \ (L(i) UM(i)) and find an 
admissible 4-covering from L(i) U M(i) to Ipi sending (L(i) U M(i)) fl C to a 
point, (L(i) U M(i)) fl (L(x) U L(y)) to a point and (L(i) U M(i)) n L(z) to 
another point. Then for a sufficiently general u E J(i), we may find a line M(u) 
through u and intersecting both L(x) and L(y). Again, for suitable u, u, in J(i), 
we may take L(x) UL(y) UM(u) Uhf(o) as total space of an admissible 
4-covering sending (L(x) U L(y)) (7 (L(i) U M(i)) to a point and (L(x) U L(y)) fl 
fl (M(u) U (M(u)) to another one. Then we may continue, using M(u), M(u), 
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instead of L(x), L(y). We call this trick “the 4-trick”. At the end, for any 
integer kz 0 and any not too special subset T of J(i),card(T) = k, we may find 
a (reducible) curve D such that L(i) UM(i) UD is the total space of an 
admissible 4-covering sending (L(i) UM(i)) fl C to a point and such that 
D rl H= T. Now it is very easy to prove the claim. For instance we take suitable 
integers d’(k) with d’(k) I d(k, 3), d’(k) - d’(k - 2) I d(k, 3) - d(k - 2,3), d’(n) = 
=&4)-&n - 1,4) and we want to find for every integer k-en, k=n mad(2), 
a suitable curve Z’(k) E Z(d’(k), d’(k) - 3; 3; 4) with rZstkXH(k) surjective. To 
pass from Z’(k - 2) to Z’(k) assume that in the proofs of 0 3 (3.1 is sufficient 
here) we use a quadric J and we have to control the postulation of Z’(k - 2) fl J 
forformsoftype(k-2,x)onJ.Assumet:=(k-l)(x+1)-2d’(k-2)-4>O.In 
the curve of type (1,l) Jn J(i) we take a suitable subset T and apply the 4-trick. 
Alternatively, by theorem 1 we may assume that Z has maximal rank. Let m 
be the critical value of Z and j the “critical value” of ZU W (define it). If 
m<n-3, we have j<n and we may assume r z u w, 3C.d surkctive, rz u W, 3(j - 1) 
injective. Hence the right number of general points contained in n - m + 1 not 
too special planes must give the right number of conditions to H”(H,.9z, K 
&)). The proofs of the claim and of the first case are over. Of course, in this 
case a=O. 
Second case. Assume 0 < b(n - 1,4) 5 d(n, 3) - d(n - 2,3) - e, where e: = 1 if 
n = 0,3 mad(6), e: = 0, otherwise. We have n > 4, because b(3,4) = b(2,4) = 0. 
We construct again curves Z(k), 0 I ks n - 2, k= n mad(2), Z(k) E Z(d’(k), 
d’(k) - 3; 3; 4) for suitable d’(k), d’(n - 2) : = d(n, 4) - d(n - 1,4) - (d(n, 3) - 
- d(n - 23) -e), with rZtk),H(k) surjective: note that d(n, 4) - d(n - 1,4) - 
- (d(n, 3) - d(n - 2,3) - e) c d(n - 23) and that d(n, 4) - d(n - 1,4) z 2n - 3 ([3], 
lemma 2). Then we pass from Z(n - 2) to Z = Z(n), with a suitable quadric Q, 
adding in Q 2 lines of type (1,O) (part of a good cross for Z(n -2)), and 
d(n, 3) - d(n - 23) - 2 - e lines of type (0, l), exactly b(n - 1,4) of then inter- 
secting Z(n - 2) n Q; call S the union of these points. For every PE S, let U(P) 
a 3-dimensional linear space, H(P) #H, H(P) containing the tangent cone to Z 
at P. Let W be the union of Y,Z, and the first infinitesimal neighborhood of 
P in U(P) for all P E S. It is easy to check that WE Z(d(n, 4), d(n, 4) - 4; 4; 4): 
move a little bit inside Q the lines of Z intersecting Z(n - 2). Since the residual 
scheme of W with respect to H is Y U S, we obtain M(n) by Horace’s method, 
if we may take S general in Q and Q general. By the 4-trick the statement about 
Q is easy and the statement about S is true if deg(Z(n - 2)) > 1 + b(n - 1,4); use 
[3], lemma 2, and the explicit values of d(k,4) for low k. In this case we use 
M(n-1) for a=b(n-1,4). 
Third case. Assume b(n - 1,4) > d(n, 3) - d(n - 23) - 2 - e. The first n for 
which this case occurs is n = 14. Hence we assume n > 13. Note that b(n - 1,4) 5 
In-2sd(n,3)-d(n-4,3)-6. We use M(n-1) for a=d(n-2,3)-d(n-4, 
3) - 3. We start with Z(n - 4), deg(Z(n - 4)) = d(n, 4) - d(n - 1,4) - (d(n, 3) - 
- d(n - 4,3) - 6. In the step from Z(n - 4) to Z(n - 2) we use a quadric Q and 
we add in Q d(n - 23) - d(n - 4,3) - 1 suitable lines, all the lines of type (0,l) 
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intersecting Z(n -4), and the frist infinitesimal neighborhood in suitable 
3-dimensional linear spaces of the point of intersection of Z(n - 4) with these 
lines of type (0,l) (see the second case). Then in the step from Z(n - 2) to 
Z = Z(n) we add in a quadric Q’ the remaining b(n - 1,4) - (d(n, 3) - d(n - 2, 
3)-2-e) nilpotents (with support on Q’). By the 4-trick, we may take Q, Q’ 
general. But now we cannot deform freely Z(n - 2) to control the postulation 
of Z(n-2)nQ’, hence of Z(n). Set u:=d(n,3)-d(n-2,3)-l and o:=l if u 
is odd, u= 2 if u is even. We degenerate Z(n -4); as in the proof of 2.1, it is 
sufficient to handle the postulation of S: = (Z(n - 2) \ Z(n - 4)) fl Q with respect 
to forms on Q of type (d(n, 3) - d(n - 2,3) + u - 5, II). Since ScE:= Q’n Q, E of 
type (2,2), this follows from [3], lemma 2, and the explicit values of d(m, 3). 
Then, to obtain theorem 3, it is sufficient to state and prove assertions 
“union” of R(n,g) and M(n): this is left to the reader. 
REMARK 6.2. One can prove easily weak asymptotic results for hyperelliptic 
curves in P4, say if d>g+ u(g) with lim u(g)/(g)5’6= 12. 
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